INTRODUCTION
In the paper [5] , we established Northcott's theorem for height functions over finitely generated fields. Unfortunately, Northcott's theorem on finitely generated fields does not hold in general (cf. Remark A.3). Actually, it depends on the choice of a polarization. In this short note, we will propose a weaker condition of the polarization to guarantee Northcott's theorem. We will also show the generalization of conjectures of Bogomolov and Lang in [6] under the weaker polarization.
First of all, let us introduce the weaker condition of a polarization. Let K be a finitely generated field over Q. (1) X is a translation of an abelian subvariety by a torsion point.
The canonical height of X with respect to L and B is zero, i.e.,ĥ B L (X) = 0.
FAIRLY LARGE POLARIZATION OF A FINITELY GENERATED FIELD
Let K be a finitely generated field over Q with d = tr. deg Q (K), and let B be a flat and projective integral scheme over Z such that K is the function field of B. Let L be a C ∞ -hermitian Q-line bundle on B. Here we fix several notations.
•nef: We say L is nef if c 1 (L) is a semipositive form on B(C) and, for all one-dimensional integral closed subschemes Γ of B, deg L Γ ≥ 0.
•big: L is said to be big if
, and there is a non-zero section s of H 0 (B, L ⊗n ) with s sup < 1 for some positive integer n.
•Q Q Q-effective: L is said to be Q-effective if there is a positive integer n and a non-zero
•polarization:
• 
Z is the projection to the i-th factor. Finally we would like to give a simple sufficient condition for the fair largeness of a polarization. Let k be a number field, and O k the ring of integer in k. Let B 1 , . . . , B l be projective and flat integral schemes over O k whose generic fibers over O k are geometrically irreducible. Let K i be the function field of B i and d i the transcendence degree of
which is denoted by K, and the transcendence degree of K over k is d. For each i (i = 1, . . . , l), let H i,1 , . . . , H i,d i be nef and big C ∞ -hermitian Q-line bundles on B i . We denote by q i the projection B → B i to the i-th factor. Then, we have the following.
Proof. Since there is a dominant rational map B i (P 
Note that L is nef and big. Then, since µ * i (H i,j ) is big, there is a positive integer
. Thus, we get our proposition. 2
COMPARISON OF HEIGHTS WITH RESPECT TO DIFFERENT POLARIZATIONS
First of all, let us recall the definition of height functions over finitely generated fields. Let K be a finitely generated field over Q with d = tr. deg Q (K), and let B = (B; H 1 , . . . , H d ) be a polarization of K. First of all, let us recall the definition of height of K-valued points. Let X be a geometrically irreducible projective variety over K and L an ample line bundle on X. Let us take a projective integral scheme X over B and a
where ∆ x is the Zariski closure in X of the image Spec(K) → X ֒→ X , and π : X → B is the canonical morphism. By virtue of [5] 
Hence, we have the unique height function h B L modulo the set of bounded functions. More generally, we can define the height of cycles on X K . We assume that L is nef with respect to π : X → B, that is,
(1) For any analytic maps h :
of L to the geometric fiber over b is nef.
Let Z be an effective cycle on X K . We assume that Z is defined over a finite extension field
′ be the normalization of B in K ′ , and let ρ : B ′ → B be the induced morphism. Let X ′ be the main component of X × B B ′ . We set the induced morphisms as follows.
and B is defined by
Note that the above definition does not depend on the choice of K ′ by the projection formula. Let (Y, M) be another model of (X, L) over B such that M is nef with respect to Y → B. Then, there is a constant C such that Let k be a number field and O k the ring of integers in k. Fix a positive integer d. For each 1 ≤ i ≤ d, let B i be a flat and projective integral scheme over O k whose generic fiber over O k is a geometrically irreducible curve over k. Let M i be a nef and big hermitian Q-line bundle on B i . Moreover, let B be a flat and projective integral scheme over O k , and ν :
is the projection to the i-th factor. Further, we set
.
Here we consider several kinds of polarizations of K as follows:
A key result of this note is the following.
Proposition 2.1. Let X be a geometrically irreducible projective variety over K, and L an ample line bundle on
In particular, we can find a constant C such that
for all effective cycles Z on X K .
Proof. Let Z be an effective cycle on X K . We assume that Z is defined over a finite extension field K ′ of K. Let B ′ be the normalization of B in K ′ , and let ρ : B ′ → B be the induced morphism. Let X ′ be the main component of X × B B ′ . We set the induced morphisms as follows.
Here we claim the following.
Clearly, a l ≤ 2 for all l. Thus, there is i with a i = 2. Suppose that a j = 2 for some j = i. Then,
Thus, using the projection formula with respect to p i ,
where η i means the restriction to the generic fiber of p i . Here the generic fiber of p i is isomorphic
This is a contradiction. Hence, we get our claim.
By the above claim, it is sufficient to see that
First of all,
Moreover,
is equal to
Thus, we obtain
On the other hand, by the projection formula with respect to p i ,
where η i means the restriction to the generic fiber of p i . Moreover, by the projection formula again,
Thus, we get (2.1.2). The last assertion is obvious because there is a positive integer m such that
for every i, j. 
Proof. The first inequality is a consequence of [5, (5) 
On the other hand, since
Hence, we get our corollary. 
Proof. If x 1 , . . . , x n are linearly dependent, then our assertion is trivial. Otherwise, it is nothing more than [4, Lemma 3.4].
2
Finally, let us consider the proof of Theorem III. The equivalence of (1) and (2) follows from Theorem II. It is obvious that (1) implies (3). Conversely, (3) implies (1) by virtue of [7] and Corollary 2.2.
NORTHCOTT'S THEOREM FOR CYCLES
In this section, we will generalize Northcott's theorem to the height of cycles on projective varieties. 
Proof. Let us begin with the following lemma. 
Proof. By virtue of [2, Corollary 1.
On the other hand, sup x∈X { s (x)} and |s| give rise to two norms on the finite dimensional space
. Thus, we get our lemma. 2
Let us start the proof of Northcott's theorem for cycles. It is sufficient to see that, for any real number M and any integers e, d and l, the set Z Z is an effective cycle with
is finite. Clearly, we may assume that 
n B ′ be the projection to the i-th factor and
′ the canonical morphism. We set
(1)).
Let Ch(Z) be the Chow divisor of Z, i.e., Ch(Z) is an element of
Here we claim the following equation:
Let U be the maximal Zariski open set of B ′ such that Z → B ′ is flat over U. Then, in the same way as in the proof of [1, Proposition 1.2], we can see that the equation (3.2.1) holds over U. Therefore, so does over B ′ by [3, Lemma 2.
By using (3.2.1), we can see
Here, we fix a basis of
(1)). Then, P can be written by a polynomial with coefficients {a λ } λ∈Λ in K ′ , that is, {a λ } λ∈Λ is a Chow coordinate of Z. Noting that P gives rise a rational section of
be the decomposition as a rational section of O B ′ (d, . . . , d), where Γ runs over all prime divisors on B ′ . Then, we can easily see c Γ = min λ∈Λ {ord Γ (a λ )}. Here, let us calculate
in terms of the rational section P . Then,
Let U 0 be a Zariski open set of B ′ (C) such that a λ has no zeros and poles on U 0 for every λ ∈ Λ.
Thus, by Lemma 3.2,
for some constant C ′ depending only on n, d, l and a basis
for some constant C ′′ independent on Z. Thus, we have only finitely many (a λ ) λ∈Λ modulo the scalar product of K. Therefore, we have only finitely many Ch(Z). Hence we obtain our assertion because the correspondence
Ch :
Effective cycles Z on X K with l = dim Z and deg
Appendix. DIRECT PROOF OF NORTHCOTT'S THEOREM WITH RESPECT TO A FAIRLY LARGE

POLARIZATION
If we use a fairly large polarization, we can give a simpler proof of Northcott's theorem. In this appendix, let us consider this problem.
Let us start the direct proof of Theorem I. We denote by O P 1
Z
(1) the hermitian line bundle
First of all, we claim the following. Claim A.1. We assume that there is a generically finite morphism ν :
(1))) for all i. Then, the assertion of our theorem holds.
Since L is ample, there is a positive integer m and an embedding φ : X ֒→ P n with φ * (O P n (1)) = L ⊗m . Thus, we may assume that X = P n K and L = O P n K (1). Let B 0 be a polarization given by
) . Then, by the projection formula, we can see that h
. Therefore, we may assume B = B 0 . Moreover, in the same argument as in [5, Claim 4.3 .3], we may assume e = 1.
Let B i be a polarization of K given by B i = (B; H 1 , . . . , 
f n are relatively prime and P = (f 0 : · · · : f n ). Here, by using (A.2) together with facts that c 1 (A i ) = 0 and f 0 , · · · , f n are relatively prime,
where deg i is the degree of polynomials with respect to z i . Thus, there is a constant M 1 independent on P ∈ S such that deg i (f j ) ≤ M 1 for all i, j. On the other hand,
Hence, there is a constant M 2 independent on P such that 
(x).
Thus, by the previous claim, we get our theorem. 2 Remark A.3. In order to guarantee Northcott's theorem, the largeness of a polarization is crucial.
The following example shows us that even if the polarization is ample in the geometric sense, Northcott's theorem does not hold. Let k = Q( √ 29), ǫ = (5 + √ 29)/2, and O k = Z[ǫ]. We set
Then, E is an abelian scheme over O k . Then, as in the proof of [5, Proposition 3.1.1], we can construct a nef C ∞ -hermitian line bundle H on E such that [2] * (H) = H ⊗4 and H k is ample on E k , c 1 (H) is positive on E(C), and that deg c 1 (H) 2 = 0. Let K be the function field of E. Then, B = (E; H) is a polarization of K. Here we claim that Northcott's theorem dose not hold for the polarization (E, H) of K.
Let p i : E × O k E → E be the projection to the i-th factor. Then, considering p 2 :
gives rise to a model of (E K , H K ). Let Γ n be the graph of [2] n : E → E, i.e., Γ n = {( [2] n (x), x) | x ∈ E}. Moreover, let x n be a K-valued point of E K arising from Γ n . Then, if we denote the section E → Γ n by s n , then On the other hand, x n 's are distinct points in E K (K).
